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Abstract. — We describe the statistical properties of the dynamics of the maps Pa{z) := e^'^°"z + , 
with a of high return times. In particular, we show that these maps are uniquely ergodic on their measure 
theoretic attractors, and the unique invariant probability describes the statistical behavior of typical orbits 
in the Julia set. In particular, this confirms the conjecture of Perez-Marco on the unique ergodicity of 
hedgehog dynamics, in this class of maps. 



Introduction 

We study the statistical property of the orbits of the maps 

on the complex plane, for irrational values of a. 
The post-critical set of Pa is defined as 



VC{Pa) :=U°^iP^(-e2™i/2), 

where — e^'^°Y2 is the unique critical point of the map. The geometry of this set and the dynamics of 
Pa on it play an important role in this study. A break point here is whether zero belongs to VC{Pa) 
or not, which turns out to depend on the local dynamics of Pa at zero. 

The map Pa is called linearizable at zero, if there exists a conformal change of coordinate (j) defined 
near zero that fixes zero and conjugates Pa to the rotation of angle a about zero: Ra o (p = (p o Pa 
on the domain of (j), where Raiz) = e^™'^. It was a nontrivial problem to determine the values of 
a for which Pa is linearizable. We refer the interested reader to jMil06j for its rich history, and 
only need to mention that the answer to this problem depends on the arithmetic nature of a. For 
Lebesgue almost every a G [0, 1] such linearization exists, and on the other hand, for a generic choice 
of a G [0, 1], Pa is not linearizable. When Pa is linearizable at zero, the maximal domain on which 
Pa is conjugate to a rotation is called the Siegel disk of Pa- 
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By a result of Mane |Man87] . the orbit of the critical point is recurrent, and when is linearizable, 
the orbit of the critical point accumulates on the boundary of the Siegel disk, but when it is not 
linearizable, this orbit accumulates on zero. The inverse of the conjugacy (j) from the disk of radius 
1/2tt to the Siegel disk of Pa provides us with an invariant probability measure defined on the 
boundary of the Siegel disk. That is, the push-forward of the Lebesgue measure on the boundary of 
the disk, which we denote by ^u^. The measure /i^ is the harmonic measure on the boundary of the 
Siegel disk, viewed from zero. 

Our study uses a renormalization technique developed by H. Inou and M. Shishikura |IS06] . and 
requires the entries in the continued fraction expansion of a be larger than a constant N, needed by 
this method. Define, 

HTn := {[a-o, «i, «2> • • • 1 ] I Vi > 0, Oj > N}. 

Theorem A. — There exists a constant N > such that for a G HTjsf, P^ ■ VC{Pa) — )• VC{Pa) is 
uniquely ergodic. Moreover, when Pa is not linearizable at zero the unique invariant probability is the 
Dirac measure at 0, and when Pa is linearizable at zero, the unique invariant probability is /Iq. 

The above theorem and its proof have a number of applications to the statistical, geometric, and 
topological dynamics of these quadratics. According to a lemma of Lyubich |Lyu83| , the post-critical 
set of a rational map, defined similarly as the closure of the forward orbits of its critical values, is the 
measure theoretic attractor of the dynamics of that map on its Julia set. This means that given any 
neighborhood of the post-critical set, the orbit of Lebesgue almost every point in the Julia set of the 
map eventually stays in that neighborhood. Combining this with the above theorem we obtain the 
following statistical property of the orbits of Pa- 

Theorem B. — For every a € HT^ and Lebesgue almost every z in the Julia set of Pa, the measures 

^ n—l 
j=0 

converge to the unique invariant probability supported on VC{Pa)- 

The theorem is meaningful only if the Julia set of Pa, J (Pa), has positive area. However, by a 
recent result of X. Buff and A. Cheritat |BC12] . there are values of q € [0, 1] (of both types) where 



J (Pa) has positive areal^ The above theorem applies to the examples by Buff and Cheritat, in 
particular. 

Let / be a holomorphic germ defined on a neighborhood of zero with /(O) = and /'(O) = e^'^'^' for 
an irrational a. Perez-Marco in |PM97j introduced local invariant sets for /, called Siegel compacta, 
that were used to study the local dynamics of / at zero. More precisely, he proves that for / as 
above and a neighborhood U 3 where / is one-to-one on the closure of U, there exists a compact 
connected invariant set K with & K C U and K dU 7^ 0. A distortion property of the iterates 
of / on [/ is translated to the property of unique ergodicity of / : dK — t- dK, which was conjectured 
to hold in this full generality. When / is not linearizable at zero, K has no interior {dK = K) and 



^'^-'it is expected that for a generic choice of a G [0, 1], J (Pa) has positive area. 
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is called the hedgehog of / on U. It follows from Mane's |Man93] result that the boundary of every 
hedgehog of Pa must be contained in VC{Pa)- Hence, we can confirm the following partial result on 
this conjecture. 

Theorem C. — For every a G HT^ and every Siegel compacta K of Pa, the map Pa '■ dK — ?> dK 
is uniquely ergodic. 

On the topological side, note that Theorem [A] implies that there is no periodic point in the 
post-critical set, except possibly zero. As a byproduct of the proof of theorem [Aj we obtain an 
interesting property of the dynamics of linearizable maps counterpart to the small cycle property of 
nonlinearizable ones obtain by Yoccoz. He has shown that when Pa is not linearizable at zero, every 
neighborhood of zero contains infinitely many periodic cycles of Pa- 

Theorem D. — When Pa is linearizable at for some a € HTn, every neighborhood of the Siegel 
disk of Pa contains infinitely many periodic cycles of Pa- 



1. The renormalization of Inou and Shishikura 

1.1. Inou-Shishikura class. — The cubic polynomial P{z) := z{l-\-z)'^ has a parabolic fixed point 
at 0, that is, a fixed point of multiplier e^'^"' with a G Q. Also, it has a critical point at cpp := —1/3 
which is mapped to the critical value at cvp := —4/27, and another critical point at —1 which is 
mapped to zero. 



Define the ellipse 



and consider 

(1) U := g{C \ E), where g{z) : = 



4z 



(1 + Z)2- 

The domain U contains and cpp, but not the other critical point of P at —1. 
Inou and Shishikura in [IS06j define the class of maps 



IS: 



n _ p ^ -1. ^ ^ ^ (f-- U ^ Uf is univalent, ip{0) = 0, ip'{0) = 1, 1 
^ ' ^ and (j9 has a quasi-conformal extension to C. /" 



Every map in this class has a parabolic fixed point at and a unique critical point at cpj := (/3(— 1/3) G 
Uf. Given a set A C M, we define 

JSa ■-= {fie^'^'^'z) \ f elS, and a G A}- 

Abusing the notation, ISjs denotes the set IS^jsy, for /3 G M. 

There exists a natural Teichmiiller metric on the class IS. We do not work with this metric here, 
but only mention that the convergence in this metric implies the uniform convergence on compact 
sets, but not vice versa. Hence, by the sequence /i„ : Dom/i„ — >■ C, n = 1,2, ... , converges to h we 
mean that given any compact set in X C Dom h and e > 0, /i„ is defined on K for sufficiently large 
n and uniformly tend to h on K. Note that the maps /i„ are not necessarily defined on the same set. 
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The class TSa naturally embeds into the space of univalent maps on the unit disk with a neutral 
fixed point at 0. Therefore, it is a precompact class in the compact-open topology. 

Any map h = e^'^°'/o ^ has a fixed point at with multiplier e^'^^V Moreover, if a is small, h 
has another fixed point cj/i 7^ near in Uh- The (Jh fixed point depends continuously on h and has 
asymptotic expansion = — 47rai//Q (0) + o(a), when h converges to /o in a fixed neighborhood of 
0. Clearly ah —> Q as a —> 

We summarizes the basic local dynamics of maps in TSa proved by Inou and Shishikura. See 
Figure [TJ 

Theorem 1.1 (Inou— Shishikura |IS06] ). — There exist positive integers k,k, and a real number 
a* > satisfying the the following properties: 

(1) the set {h"{0) \ h G TS} is relatively compact in C \ {0}. 

(2) For any map h: Uh C in TSa (or h = Pa : C ^ C) with a G (0,a*], there exist a domain 
Vh C Uh and a univalent map : P/^ — >■ C satisfying the following properties: 

(a) The domain Vh is bounded by piecewise smooth curves and is compactly contained in Uh- 
Moreover, it contains cp/^, 0, and ah on its boundary. 

(b) There exists a continuous branch of argument defined on Vh such that 

max I arg{w) — aig{w')\ < 27rfc. 

(c) ^hi'Ph) = {w G C I < Re(tt;) < [1/aJ - k}, lm(^h{z) +00 when z e Vh ^ 0, and 
Im<I>/j(z) — )• —00 when z £Vh ^ o'h- 

(d) ^h satisfies the Abel functional equation on Vh, that is, 

^h{h{z)) = <l>h(z) + 1, whenever z and h{z) belong to Vh- 

Furthermore, (^h is unique once normalized by ^h{cph) = 0. 

(e) The normalized map ^h depends continuously on h. 




Figure 1. A perturbed Fatou coordinate and its domain of definition Vu- The gray curve 
(amoeba) approximates the first few iterates of cp^ under h. 
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The map <I>/i : "P/j — t- C obtained in the above theorem is called the perturbed Fatou coordinate, or 
the Fatou coordinate for short, of h. 

The class IS is denoted by J-i in [IS06]. All parts in the above theorem, except the existence of 
uniform k and k in (b) and (c), follow readily from Theorem 2.1, Main Theorems 1, 3, and Corollary 
4.2 in |IS06] . Parts (b) and (c) also follow from those results but require some extra work. A detailed 
proof of these statements are given in [BC121 Proposition 12]. 

Given a point z in the domain of a map h : Dom h ^ C, the orbit of z under h, denoted by 0{z), 
is defined as the sequence {f°-'{z))^Q, where m is most number of times z can be iterated under h. 

1.2. Renormalization. — Let h: ^ C either be in ISa or be Pa, with a G (0,a*]. Let 
^h- "Ph ^ denote the normalized Fatou coordinate of h. Define 

Ch ■■= {zeVh-. 1/2 < Re{^h{z)) < 3/2, -2 <Im«>/,(z) < 2}, and 

(2) « 

Cl:={zeVh: 1/2 < Re{^h{z)) < 3/2 , 2 < lm<^>h{z)}. 

By definition, cv/j G int (Ch) and € <9(C^). 

It follows from the work of Inou and Shishikura that there exists a positive integer kh, depending 
on h, satisfying the following properties: 

— For every integer k, with < A; < kh, there exists a unique connected component of h~^{C'fj 
which is compactly contained in Dom/i and contains on its boundary. We denote this com- 
ponent by {Cl)~'^. 

— For every integer k, with < A; < kh, there exists a unique connected component of h^^{Ch) 
which has non-empty intersection with (C^)"'^, and is compactly contained in Dom/i. This 
component is denoted by Cf^^ . 

- The sets C'^*" and (C^)"'"' are contained in 

{z&Vh\\< Re^h{z) <--k-]-}. 
2 a 2 

- The maps h : CJ^'' ^ C^''+\ for 1 < A; < kh, and h : {€{)-'' {Cl)-^+^ , for 2 < A < kh, are 
univalent. The map h : {C\)~^ — > (C^) is a degree two branched covering. 

We define kh as the smallest positive integer for which the above conditions hold, and let 

By the Abel functional equation, the map 

(3) ^hoh^'^'^ oc^-' ■.c^h{Sh)^C. 

projects via z = ^e^'^™ to a map TZ'Qi) of the form z e^'^ ~^ z + 0{z'^) , defined on a set containing 
in its interior. See Figure [2j 

The conjugate map s o TZ'{h) o where s{z) := z denotes the complex conjugation map, has 
the form z i— >■ e^'^a^z + O(z^) near 0. The map TZ{h) := s o TZ'{h) o s~^, restricted to the interior of 
5(^6^"^''-*''^'^''-*^), is called the near-parabolic renormalization of h by Inou and Shishikura. We simply 
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Figure 2. The figure shows the sets Ch, €{,..., C^''^ and (4)"'"'. The "induced map" 
projects via e^'^''" to a well defined map TZ{h) on a neighborhood of 0. 



refer to it as the renormalization of h. For an slightly different definition of the same renormalization 
one may see |BC12j . 

We shall show in the next section (Lemma 12. ip that one time iterating TZ{h) corresponds to 
several times iterating h, via the change of coordinates. For some applications of a closely related 
renormalization (Douady-Ghys renormalization) one may see |Dou87j . |Dou94j . |Yoc95] . |Shi98] 
and the references therein. 

The following theorem of Inou and Shishikura |IS061 Main theorem 3] guarantees that the above 
definition of the near parabolic renormalization TZ can be carried out for small perturbations of maps 
in ZS. In particular, this implies the existence of kh satisfying the three properties listed in the 
definition of the renormalization. See |BC12t Proposition 13] for a detailed argument on this. 

Define 

(4) V := P~HB{0, ^e'n) \ (("Oo, -1] U B) 

where B is the component of P^^{B{0, ^e~^'^)) containing —1 (see Figure [3]). 



(2) 



^^^The sets C,7* and (C^)"'" defined here are (strictly) contained in the sets denoted by V"* and W"*" in [BC12| . The 
set <^h{C^*' U (C')"'') is contained in the union 

Dife U U D'U U -D'_fe+i U 7?_fe+i U D^^^^ 

in the notation used in [IS06I Section 5. A]. 
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Figure 3. A schematic presentation of the polynomial P; its domain, and its range. Similar 
colors and line styles are mapped on one another. 

By an explicit calculation (see |IS061 Proposition 5.2]) one can see that the closure of U is contained 
in the interior of V. 

Theorem 1.2 (Inou-Shishikura). — There exist a constant a* > such that if h G ZSa with 
a £ {0,a*], then TZ{h) is well-defined and belongs to the class ISi/a so that TZ{h) := e~* • P o 
Moreover, ^ : U C extends to a univalent map on V. 

The same conclusion holds for the map Pa{z) = e^'^'^'z + z'^. That is, TZ{Pa) is well-defined and 
belongs to TSij^ provided a is small enough. 

Lemma 1.3. — There exists a k" £ Z such that for every h € 25(0,0,]; f^h ^ k" . 

One may refer to [ChelOb] for a proof of the above lemma. It is basically because TZ{h) extends 
over a larger domain definitely containing Dom.TZ{h) in its interior. 

Let [0; oi, 02, . . . ] denote the continued fraction expansion of a as in the introduction. Define 
ao '■= CK, and inductively for i > 1 define the sequence of real numbers Oj G (0, 1) as 

(5) ai := ( mod 1). 

Then each ai has expansion [0; Oj+i, 0^+2, . . . ] . 

If we fix a constant N > 1/a* , then a € HTj\f implies that aj S (0, a*), for j = 0, 1, 2, . . . . We use 
this constant N in the rest of this paper. 

Let a € HT^ and define /o := Pa- Then, using Theorem [LJl inductively define the sequence of 
maps 

fn+i := nfn) : ^ C. 

Let Un ■= Uf^^ denote the domain of definition of /„, for n > 0. Hence, for every n, 

fn-.Un^ C, /,(0) = 0, and /^(O) = e^™"'. 



2. The renormalization tower 
2.1. Changes of coordinates in the renormahzation tower. — 
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Remark. — To slightly simplify the technical details of proofs, we assume that 

(6) A^>fc + fc + l. 

This is chosen so that ^f^iVf^) is wide enough to contain a set defined later. However, this can be 
avoided by extending <5j^ and <1>J^ to larger domains, using the dynamics of fn- 

For n > 0, let := : Vn ■= 'Pf„ C denote the Fatou coordinate of fn'- Un ^ C. We shall 
frequently use the notation for the map 

Exp(C) := C ^ ^^(e^^'^) : C ^ C*, where s{z) = z. 

By part (b) of Theorem II. H Inequality ([6]), and that Vn is simply connected, there is an inverse 
branch 

of Exp. There may be several choices for this map but we choose one of them (for each n) such that 

(7) Re(7?„(P„)) C [0,fc + l] 
holds, and fix this choice for the rest of this note. Now define 

Each %l)n extends continuously to E dVn by mapping it to 0. 
For n > 2 we can form the compositions 

For every n > 0, let Cn and Cn denote the corresponding sets for /„ defined in ([2]) (i.e., replace h 
by /„). Denote by kn the smallest positive integer with 

5° := C-'^" U (Ci)-'^" C {z e < RecD„(z) < [— J - fc - 1}. 

Otn 

By definition, the critical value of /„ is contained in fn^"{S^). 
For every n > and i > 2, define the sectors 

:= Vn+i(5'°+i) C P„,and 

Sn ■= V-n+l o • • • o ll^n+iiS^+i) C Vn- 

All these sectors contain on their boundaries. 

Lemma 2.1. — Let z £ Vn be a point with w:= Expo<I>n(z) S Un+i- There exists an integer iz with 
^ 1^ 1^ [l/o^nj — ^ + — 1; such that 

- the orbit z, fn{z), f°^{z), fn'(.z) is defined, /"^"(z) G Vn, and 

-Expo$„(/°^^(z)) = /„+i(t«) 
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Proof. — As w £ Dom/„+i, by the definition of renormalization TZ{fn) = fn+i, tliere are C € ^niS^) 
and C' G ^n(C„ U Cl), sucli tliat 

EMC) = w, Exp(C')=/n+iH, and (' = '^n o f^'- o <^~\C). 

Since Kxjp{^niz)) = w, tliere exists an integer £ witli 

-kn + l<£< [l/an\ -k-1, 

sucli tliat $„(z) + ^ = C- 

By tlie Abel functional equation for we have 

C' = ^nO/°^'"o<I>-l(C) 
= $„o/°^"+^(z). 

Letting := + we have 

1 < 4 < A:„ + [l/anj - - 1, f°'^{z) = ^>-i(C') € and 

Expo$,(/°^^(z)) = Exp 0$, ($-1(0) 
= Exp(CO 

= /n+lM- 

□ 

It should be clear that there are at least [l/a„J — k — 1 choices for in the above lemma. In the 
following two lemmas we make some specific choices for to relate the number of iterates on level 
n to the number of iterates on level n — 1, and also to the number of iterates on level 0. The proof 
is basically the uniqueness of the analytic continuation of conformal mappings that is presented in 
detail in [ChelObj . 

Define 

V'^:= {w €Vn\0 < Re$„(u;) < [l/onj - k-1}. 
Lemma 2.2. — For every n > 1 we have 

(1) for every w G V'^, /°LY""~'^ ° i'niw) = ipn ° fn{w), and 

(2) for every w G 5°, /°(_^^"U/«n.iJ+i) ^ ^^^^^ ^ ^ f°'"{w). 

Lemma 2.3. — For every n > 1 we have 

(1) for every w G V'^, /q^" o ^>^{uj) = ^„ o /„(«;), 

(2) for every w G o ^i>^{w) = M/„ o f°''"{w), and 

(3) similarly, for every m < n, fn'- —>■ Vn and /°^" : — )• {Cn U ct) are conjugate to some 
iterates of fm on the set tpm+i o • • • o ipniVn)- 
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2.2. The approximating neighborhoods. — For every n > 0, consider the union 

k„ + ll/a„\-k—l 

(8) n'^:= U C(S°)U{0}cDomA. 

Using Lemma 12.31 we transfer the iterates in the above union to the dynamic plane of /o to define 

qn{kn+['i-/a„\-k-l)+qn-i 

^^■■= U ftis^)\J{o}. 

The upper bound in the above union is obtained as follows. The first kn iterates in ([8|) correspond 
to knQn + Qn-i number of iterates on level by Lemma l2.3l -(2). and the remaining [l/a„J — k — 1 
iterates in ^ amounts to g„([l/a„,J — k — 1) number of iterates by Lemma l2.3l -(l). The main result 
of this section is the following proposition whose proof can be found in |ChelOb] . 

Proposition 2.4- — For every n >0, we have 

(1) ^Q^^ is compactly contained in the interior o/Oq/ 

(2) PC(/o) is contained in the interior oJQq. 

It follows from |Lyu83| that the orbit of almost every point in the Julia set of Pa eventually stays 
in each fi". That is, for every n > and almost every z € J{Pa) there is a positive integer k with 
0{f°^{z) C !^". 

The next lemma (see [ChelOb] for the proof) proves that while the orbit of a point stays in some 
it visits all the sectors involved in that union. 

Lemma 2.5. — Vn > 0, E Z with Q < I < qn{kn + [l/o^nj — k — 1) + Qn-i, and for almost every 



3. Unique ergodicity of post-critical dynamics 

We will use the following equivalent definition of unique ergodicity, see |Man87] Theorem 9.2]. A 
continuous map T : X ^ X of a compact metric space X is uniquely ergodic if for every continuous 
function / : X — )• M and every x & X the limit 

^ n— 1 

hm - ^f{T°^{x)) 

n— >oo n ^— ' 

j=0 

exists and is independent of x. 
For every n G N, let 

In ■■= Qnikn + Ll/"nJ - k - 1) + Qn-l, 

Sn.= min mm{k e {2,3,4,...} \ P°^iz) e SI}}. 
zePC{Pc,)nss 

By Proposition 12.41 Sn < In- For every 6 > and n € N define the set 

Cin, 6) := {j G {0, 1, 2, . . . , /„} I P°^iS^) C B{0, 6)} . 
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Proposition 3.1. — For every non-Brjuno a € HT]\[ and every 6 > 0, we have 

limsup = 2. 

n— ^-oo I'n 

For Brjuno values of a let denote the Siegel disk of Pa, and ^^(Aq,) the S neighborhood this 
disk. Given n G N and 5 > 0, define S{n, 5) as the maximal element (by cardinality) of the set 

< a < b < In and 1 
Vfce{a,a + l,...,6},P°^(5o") Ci?5(A,) /■ 

Proposition 3. 2. — For every Brjuno a G HTj^i we have the following. 
(1) 

lim max diam {P°^{S^) \ A^,) = 0. 

5^0 k&S{n,5) 
n— >oo 

(2) For every 5 > 

\S{n,6)\+Sn „ 
iimsup = 2. 

n— >-oo 'n 

Assuming these two propositions, which are proved in the following two sections, we give a proof of 
Theorem |X1 Although both of linearizable and non-linearizable maps can be treated simultaneously. 
As the proof in the non-linearizable case is slightly easier and demonstrates the idea for the other 
case, we present them separately. 

Proof of Theorem\^ for non-Brjuno values of a. — Let / : VC{Pa) ^ M be a continuous map with 
supremum norm M := ||/||oo- Let e be an arbitrary positive constant and choose 5' > such that 
for ah w € B{0, 6') we have \f{w) - /(0)| < e. 

Fix a non-zero point z G VC{Pa) and n G N. Let tQ,ti,t2, ■ ■ ■ denote the consecutive moments of 
the returns of the orbit of z to Sq. That is, to is the smallest positive integer with P°^°{z) G Sq. 
Then assuming we have tj, tj+i is the smallest integer larger that ti + 1 with Pa^^^{z) G 5*0. By 
definition, 

|to| < In, and Wi > 0, s„ < \ti+i - ti\ < /„ -Fl. 



!^{a,a + l,a + 2,... ,b} 
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Given € N large enough, choose m € N with tm < N < tm+i- 
1 



A:=0 



to — i iv — i m ti — 1 X 

1 / m U-l s 

<-(/„2M + UM + E E |/(^.°'(^))-/(0) j 



< 



/„4M + E {C(.n, 6)e + {In - C{n, 6))2M 

< ^ (^/„4M + ^ (C(n, 5)e + - C{n, <5))2M)) 

As ^ oo the last expression tends to 

C{n,6) ln-C{n,6) 



-e + 



-2M 



If n — >■ cx) along the sequence obtained in Proposition I3.H the above quantity tends to e. Therefore, 



J — /V * 



N-1 



N-i-oo N 



k=0 

□ 

Proof of Theorem\^ for Brjuno values of a. — Let / : VC{Pa) — > M be continuous with M := ||/||oo- 
Let e be an arbitrary positive constant and choose 5' > such that for all z, w in VC{Pa) with 
— < 5' we have \ f{w) — f{z)\ < e. Now, using Proposition 13.21 choose n € N and 6 > for which 
we have 

max diam (P°''(Sl^) \ A„) < 6'. 

keS{n,S) 



Fix arbitrary points z € VC{Pa) and z' € dAa- Let t^, for i = 0, 1,2,-- - , (respectively, t-, for 
i = 0, 1, 2, • • • ) be the moments of the visits of the orbit of z (respectively, z') to Sq. That is, to is 
the smallest positive integer with P°^'^{z) G Sq. Assuming ti is defined, tj+i is the smallest positive 
integer larger than t « + 1 with [z) € Sq. The sequence t[ is defined similarly for the orbit of z'. 

We have 

|to| < In, and Vi > 0, < jtj+i - tj] </„ + !, 

as well as 

l^ol ^ ^^"^ > 0, S„ < - t-| < /n + 1- 

Given a large enough integer A^, choose m' G N with t'^, < N < t'^,_^_i, as well as m G N with 
tm < N < tm+i- Note that m, m' are bounded by and |m — m'[ is bounded by — r-^. 
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Let Bn ■= ^j£S{n,S)Pa'' {Sq). For the average along the orbit of z' we have 



N-l 



k=0 



1 

iV 



t'„-l N-l m! t[-l 

^ f{P°'{z')) + ^ /(Pf (/)) + ^ J] /(^'f (/)) 

fe=0 k=t' , i=l k=t'- , 

P°''{z')^Bn 



< ^(2/„ + -(Z„-5(n,(5)))M 



Similarly, for the average along the orbit of z we obtain 

^ N-l ^ m ti-1 

fe=0 i=l fc=ii_i 

P°'=(2)es„ 



<^(2^n + -an-5(n,5)))M 

iV V Sri, / 



On the other hand, 

t'-i 



m ti — l 



^E E /(^.°'(-'))-^E E /(^«°'(-)) 
i=i k=ti_, 

min{m,m'} , 



i=l k=ti-\ 
P°^{z)eBn 



1 

< — 



E 



E /(^a'(^'))- E E 
k=t'^_^ k=ti-i 



max{m,m'} r^ — 1 



i=min{m,m' } k=ri-\ 

P°>'{w)eB„ 



< 



1 /iV 



< 



S{n,S) 



\S{n,5)\e + {^--^ 



)M 



)M 



Putting the above three estimates together, we conclude 

N N 
^E/(^a'(^'))-^E/(^a'(^)) 



fe=0 



N 

k=0 

~ N Sr, Sr, 



)M. 
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Letting N — )■ oo, and then n ^ oo along the sequence provided by Proposition l3.2l -(2). and that e is 
arbitrarily, we come to 



^ N-l N~i „ 

hm - fiP^Hz)) = lim - 5] fiPaHz')) = fdn. 

Af— >oo iV ^ — ' N^oo iV ^ — ' /flA 

I — n z — n c/iAcK 



A;=0 fc=0 



□ 



Proof of CoroUary\B^ — It follows from |Lyu83| (or see [ChelObl Proposition 1.2]) that the limit 
set of Lebesgue almost every point in J {Pa) is contained in VC{Pa)- (Indeed, in [ChelOa] we show 
that this limit set is equal to VC{Pa)-) For any such point z, every convergent subsequence of the 
sequence of measures 

^ n— 1 

fc=o 

is invariant under Pa and is supported on VC{Pa)- However, by Theorem El there is only one invariant 
measure supported on VC{Pa)- Hence, the above sequence of measures is convergent and converges 
either to Dirac measure at or //, depending on the type of a. □ 



4. Proof of Propositions 13.11 and 13.21 

The proof consists of two ingredients. An arithmetic one that has been analysed by Yoccoz in 
[Yoc95j . and an analytic part that has been developed in [ChelOa] . 

4.1. An arithmetic lemma. — Given an irrational number a, recall the sequence of numbers 
(ai)^Q defined by Equation ([5|). Let (3q := 1, and Pk '■= Hf^^ai, k > 1. 
Let B be an arbitrary real constant and define the sequence of numbers 

Bk,k-=-2, /c = 0,l,2,--- , 
(9) _i 

:= ajSjt^j + logOj -B, l<i<k. 

Lemma — For every irrational a and every B gM. we have, 
(1) For every k >0 



Bk,o < /^i-i log ^ Bk,o + 35 + 2, 



i=l 



(2) // a is non-Brjuno, for every T € M the set 

C{a,T) :={keN\ Bk,i > Tar\ forl<i<k} 
has infinite cardinality. 
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(3) ForTeRandme'N let 



C{a,T, 



l):={ke{l + l,l + 2,...}\ Bk,i > Tar\ for I < i < k} 



Assume that a is a Brjuno number and for some T, C{a,T,l) has finite cardinality for every 



The first two statements of the above lemma, when one starts with instead of —2 in Equation ([9]) 
and B = T, were proved in |Yoc951 Section 1.6]. The same argument works here as well, but for the 
sake of completeness we present a proof here. 

Proof. — Part (1): Recursively using ([9]), we have 
= aiBk^i + loga,"^ - B 

= ai{ai+iBk,i+i + logaj^\ - B) + logo,"^ - B 
= aiai+iBk,i+i + Oi log ar^^ + log - B{1 + Oj) 



= {/3kBk,k + h-i log + /3fc_2 log a-^\ + ■■■ + /3i_i log a^i - + A + • • • + Pk-i)) 



In particular, for i = 1, using the inequality ajOj^i < 1/2, we conclude the first part of the lemma. 

Part (2): Assume on the contrary that C{a,T) is finite for some a. Let k denote the largest 
element in £(a,T) U {0}. 

Given a positive integer A'^o > k, define the integers Nq > Ni > N2 > • • • > Nr < k according to 



I G N, then 



liminf lim B^ j — Ta- < 00. 



k 



Bni_i,Ni < Ta 



-1 



for / = 1,2, ...,r. 



By the equation in the proof of Part (1), this implies that 



Ni-i 



/3,-i(loga7^ -B)< 2/3jv,_i + T/3jv, 



Ni + l 



Adding these sums together, one obtains 
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As A^'o oo, 

oo 

J^/3,_iloga7^ <2(2 + r + S), 

j=k 

contradicting our assumption on the type of a. 

Part (3): By definition each set jC{a,T, I) contains / + and therefore is non-empty. Define Iq := 0, 
and in+i '■= max>C(a,T, for n € N. This implies that 

Bir^+i/n < TaJ^, forn = 0, 1, 2, . . . . 

Now fix A; S N, and let n > /c be a arbitrary integer. 
For every j G {k + l,k + 2, . . . ,n} we have 

iBi i. , -21 <Ta7^ +2, 

which by Definition ([9]) implies 

|-B£,,4 - Bi^-iA I < + 2)a^^_,a£^._,_i . . . a^+i 

= m^_,_i/37/ + 2/3,^_,/3,-i. 
Putting all these together for j = k + l,k + 2, . . . ,n we obtain 

n 

< Ta^^^ + 2(r + 2). 

If an integer m ^ {^/o ^fc+i; • • • }; choose n with < m < ta- By definition of the sequence 
^„ we have 

This implies that 

All in all, we have shown that 



Be„j,, > B, 



supB„,4 <Tq7/ + 2(T + 2). 

which implies the wanted statement. □ 

4.2. The heights of chains in the tower. — Given natural numbers n > m, and a point 
C„ G Domxn, let 

Cj e Domxj, o Exp(Cj_i) = Cj 
for j = n,n — 1, . . . ,m — 1 

An element r := Cn-i, • • • j Cm) iii the above set may be referred to as a chain of length n — m + 1 
starting at Cm and also, for every k G {n, n — 1, . . . , m}, we define := Cfc- The plan is to study the 
behaviour of the numbers (Tj)^^„, for r G Cnfi{t), t G Domxn- This depends on the arithmetic of a, 
and requires some fine estimates on the (Perturbed) Fatou coordinates. 



Cn,m{Cn) • — S (Cn;Cn— 1) • • • j Cm) 
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Let Uj denote the non-zero fixed point of fj (tfiat is near 0). Tlie change of coordinate ^ can 
be decomposed as Tj o L^"^ , where Tj is the covering map from C to C \ {0, aj} defined as 



: 



The map Lj may be defined as $j oTj. Through this decomposition, one lifts fj via Tj, to obtained a 
map Fj that can be estimated using basic Taylor or Koebe estimates on fj. The map Lj conjugates 
Fj to the translation by 1, and can be estimated (through non trivial processes) from estimates on 
Fj. One may refer to [Yoc95|, IShi98|, IShiOO|, IChelObl, IChelOa] . among other works, for further 
details on this. In particular in |ChelOa] we prove the following estimate. 

For every n € N let Xn : $n(Dom $„) C denote an inverse branch of ^^"^ o Exp. 

Proposition Jf..2. — VZ) > 0, 3M such that Vj € N and \/w E Domxj with Imw > D/uj, 

\x'j{w)-aj\ < 

Moreover, as D ^ oo, M ^ 1. 

Note that the above estimate is independent of the choice of the lift in Xj- 

Let Bnj denote the sequences of points defined in the previous subsection. Define, A^- := $j(Aj), 
for j G N. 

Lemma 4- 3- — 3B, M E M such that Va G HTj^ and Vn G N, there exists a t G C„^o(2^ 21) such 

that 

Bn,j < Im Tj < Bn,j + M, for j = 0,1,2,..., n-1. 

(Here, the sequence B^^i is defined with the constant B.) 
Moreover, 

sup I lim Bn j — max Imw] < oo. 

Proof. — For every n, we choose r := 21, Cn-ii • • • , Co) £ Cnfl{^ 21) according to the rule 

ReCj E — \, 2a~ l)- prove the lemma we need to introduce a constant B (independent of 
n and j) such that 

(10) Im r,_i > a,- Im r,- + log B, for j = n, n — 1, . . . , 1. 

Uj 

Given Tj G Domxj, with ReCj S — \, 2a" ~^ follows from Lemmas 5.2 and 5.4 in [ChelOb] 

that L^-Tj) belongs to the disk of radius C — loga^ centered at Tj, for some constant C independent 
of n and j. Then, it is an explicit calculation to show that Equation ()10p holds for some constant 
B independent of n and j. One may refer to the proof of Proposition 3.3 in |ChelOb| for further 
details. □ 
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Using Proposition 14.2^ choose D > such that for every a G (0, 1) the following inequalities hold. 

roo rl/a+k" 

(11) / < 1/2, and / Mae-^™^ < 3/2. 

Jn/a J-k" 

Lemma 4-4- — With the constant D obtained above we have the following. If for some n € N there 
exists a T G ^^1,0(2^ ~ 2i) satisfying 

D + 12 ^ 

luiTj > , for j = 0,1,2,..., n- 1, 

then for every t' € Cnfi{-^ 2i) we have 

Imrj > ImTj — 12, for j = 0, 1, 2, . . . , n — 1. 

Proof — Note that 

D + 4(1 + ai + aia2 + aia2a.^ + 01020304 + . . . ) < D + 12, 

since ojoj+i < 1/2, for all j. 

Assume r G C„_o(2^~2i) be a chain satisfying the hypotheses of the lemma, and r' G C„^o(2^~2i) 
be an arbitrary chain. For every j = n — l,n — 2, . . . ,1, let 7^ denote the piecewise horizontal and 
vertical curve connecting tj to rj. If the curve 7j is above the horizontal line passing through Di/oj, 
we have 

I Im(rj+i - rj+i)| = | Im / c^^l 

< Im / Ixj- — ajl + I Im / dzj 

< 4 + aj|Im(r,- -rj)|. 

One infers the conclusion from an inductive argument. □ 

4.3. Geometry of sectors on level n. — For every n > 1, let i?„ denote the maximal element 
(by its cardinality) of the set 

, , a, 6 € {0, 1, 2, ... , [l/a„J — k}, and for a < A; < 6 

|a,a + 1, . . . ,6} i^f i^Loff(/„^(50)) > '^^mxni^k; - 21) 

If the above set is empty, we let := 0. 

Lemma 4-5. — Ve > 0, 35 > such that if On < S, then 
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Proof. — Recall the digits [ao, ai, 02, • • • , ] of the continued fraction expansion of qq. We claim that 
for small enough a„, the infinite strip 



Bn := |u; € C | Imw € [— 2, 00), Re G [a: 



lifts under Xn to a set above the height log I /an- This implies the lemma. 

Recall the map Ln that conjugates the lift Fn to the translation by one. To prove the above claim, 
it is enough to show that for sufficiently small a„ we have 

^n^(-Bn) ^ -B„ := G C I Imw S [log a„, 00), Re -u; € [a^/3/2,a„ - a^/3/2]| . 

This is because by an explicit calculation of the maps T„ and Exp, Bn is mapped to a set above the 
height ^ log On — C, for some constant C independent of n. 

To locate the set L^^(i3„), we need some elementary estimates on L„ and Fn from [ChelOb] . 
Let 7n(i) := an/2 + > —2 (a ray at the center of Bn), which is mapped to 7^ := o 7^. By 
Lemma 5.2-4, 7^(0) lies within the ball of radius — Cloga^ centered at an/2, for some constant C 
independent of n. Also, by Lemma 5.4, the curve 7^ lies within a uniformly bounded distance, say C, 
from a vertical line. To obtain the image of Bn under L~^, we need to iterate Fn on 7^, forward and 

backward, {an/2 — an ) number of times. As Fn is nearly a translation by one, with explicit bounds 

2 /3 

in Lemma 5.2-2, these iterates reach at most the vertical lines passing through a„ + 2doga„ — C 
2/3 

and Qn — On — C log an + C. 

On the other hand, by the same discussion, | Imxn(2^ ~ 2i) -|- loga„| is uniformly bounded by a 
constant independent of n. Hence, for small enough an, this set is contained in Bn- □ 

We also need the following easy lemma. 

Lemma 4-6. — If a subsequence (a;„j.)^Q of the sequence {an)'^=o converges to zero as k ^ 00, 
then 

lim -p^ = 1. 

Now we are ready to prove the following stronger statement that implies Proposition 13.11 

Proposition 4 ■7. — For every non-Brjuno a € HT^ there exists a sequence of real numbers 5i, 
i = 0, 1, 2 . . . , converging to zero such that 

\C{n,5n)\+Sn „ 

limsup = 2. 

n— >oo 'n 

Proof- — Let n = 1, 2, 3, • • • , be an increasing sequence of real numbers all bigger than 2D + 48. 
Define the increasing sequence of positive integers Ui := min £(a,Tj), for i = 1,2,3, ... , obtained in 
Lemma 14.11 -2. It follows that the sequence a„. — t- 0, as z — ?• 00. Hence by Lemma l4.6t we have 

lim ^ = 1. 
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Recall the sequence 3^,0, i > 1, defined in Equation Q, and choose (5j G M, i € N, such that 
Iw e Dom^o^ I Imu; > Bn„o - ^aia2 • • • On.-i log — - 241 C ^5,(0). 

From Lemma I4.H -1. and that oq is a non-Brjuno number, one concludes that 5i —?■ as i ^ oo. 
By virtue of Lemma 14. 5t 

hm - — — = 1. 

j->oo [l/a„J +kni - k 

We claim that all the lifts of the sectors 

to the first level of renormalization provide us with sectors contained in S^. (0). Assuming this for 
a moment, from the definition of the renormalization, the domains 0", and Lemmas 12.31 and 12.21 we 
conclude 

Pa^iS^) C B{0, 5i), for Qn^^i + minRn^qn^ <j< Qn.-i + maxRn^qn^. 

Hence, the percentage of the sectors in Q^"- that fit in -65.(0) tends to one. 

To prove the claim fix an integer n = nj in the above sequence. We need to prove that for every 
w G Bn such that all its consecutive lifts Wn '■= w,'Wn-i,Wn-2, ■ ■ ■ ,wq under Xj, respectively, are 
defined, then 

Im Wo > Bnfi - \a1a2 . . . a„ log 24. 

2 an 

By Lemma SSI there exists r G C„^o(2^ ~ 21) with 

2L' + 48 , 

LxLT,,- > Bn i > , for j = n — 1, n — 2, . . . , 0. 

Therefore, by Lemma 14. 4^ for r' G ^^,0(2^ 2i) that is defined along the same branches as the 

sequence (wj), we must have 

(13) Imrj > Bnj - 12, for j = 0, 1, 2, . . . , n - 1. 

By an inductive procedure we show that for all j = 0, 1, 2, . . . , n — 1 

1 1 

(14) I lm{Tj - Wj)\ < -aj+iaj+2 ■ ■ ■ a„_i log — + 4(1 + a^+i + 0^+10^+2 + •••)• 



n 
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For j = n — 1 the inequality follows from the definition of the set Bn. Now assume we have Equa- 
tion ()14p for some j. Combining with Equation (|13p . Im Wj enjoys 

Im Wj > Im rj — | Im rj — Im Wj \ 

> Bn,j - 12 - ■ ■ ■ "n-i log — + 4(1 + aj+i + aj+iaj+2 + • • • ) 

- Bn,j - \o^j+iaj+2 ■ ■ ■ Q-n-i log — 24 

> -Bn - 24 > — 
-2 "'^ 

Now choose a piecewise horizontal and vertical curve jj connecting Wj to rj that lies above the height 
D/oj. Since wj and rj belong to the image of the same inverse branch, their real part is at most k' 
apart. The estimate in the proof of Lemma 14.41 implies Equation (|14|) for j + 1- 

Now Equations [13] and [13] for j = imply the desired estimate on the height of u;o- □ 

4.4. The linearizable maps. — We consider the following two scenarios. Let A^, for m = 
0, 1, 2, . . . , denote the Siegel disk of the m-th renormalization map fm- 

21 : For every T S M there exist uiq € N and infinitely many integers m > rriQ such that Cm,o{2^ 

2i) contains an element r with 

T 

luiTj > — , for j = m — 1, m — 2, . . . , mo + 1. 

aj 

53 : There exist constants T and M, as well as infinitely many levels m such that 

T 

yw G DomXm, with Imw > h M, ^^{w) € A^- 

Lemma — For every irrational rotation a, at least one of the above statements holds. 

Proof. — If 21 does not hold for some T, then it does not hold for larger values of T as well. Using 
Lemma 14.31 there exists a constant T' such that C{a,T',l) is finite for every I € N, where C{a,T',l) 
is defined in Lemma 14.11 -3. Hence, by Lemmas 14. 1I -3. there exists a sequence of levels £0,^1,^2, ... on 
which 

lim Bm/i - T'aJ^ < 00. 

Using Lemma 1331 we conclude that for every m € N, and every r € Cmfii-^^ 21) we have 

Imr£ - TaJ^ < 00. 

Since the interior of r]m>o^T contains the Siegel disk of /£., we obtain the statement 55. □ 

Lemma 4-9. — The derivatives of the changes of coordinates from level n to level tends to 0, as 
n tends to infinity. 
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Proof. — The proof depends on how the hfts are defined. It follows from a hyperbolic contraction, 
or, the properties of the map on the Siegel disk, and definition of the Julia set. □ 

Proof of Proposition lA'.i^ when 21 holds. — The proof is similar to the one for nonlinearizable maps. 
By Lemma |4.3[ 

H := sup I lim Bn j — max Im^i;| + 25, 

is a finite number. 

By the assumption for the constant 2D + 48, there exists a level mo, and levels mi,m2, . . . such 
that each Cm, o(o:r 21) contains an element r with 

2D + 48 , 

Imr, > , for j = rui — l,mi — 2, . . . , mo + 1. 

Fix 6 € (0,oo). By virtue of Lemma 14.91 we can replace mo by a larger integer so that for every 
m > mo, every w € Bni^m), and every r G Cm,o{w), we have <I>q ^(to) € Bs{/^o). 

Recall the set defined in Section 14.31 We want to show that for sufficiently large rrii , all the 
lifts of the sectors 

to level mo provide us with sectors contained in BHi^'mo)- "^^^^ is because by the estimate in the 
proof of Proposition 14. 7| for every w € Bm^, and every r' G Cm^fl{w) we have 

ImTmo ^ Bm^^mo " 7;<^mo+l<^mo+2 ■ ■ ■ Q-m,-! log — 24. 

Moreover, since the Brjuno sum for is finite, the second term on the right hand side of the 
above inequality is eventually less than one. 

The sequence {ami)i^i must tend to zero because of the following reason. For every r € Cm^fi, 
ImTm^-i is nearly — logOm,- Now if loga^i is uniformly bounded independent of i, then by the 
contraction in Lemma [4. 9 1 and that the point one lifts to the point one, the critical value must belong 
to the boundary of the Siegel disk. Contradicting our assumption. Hence, we have 

lim -j — ^I^:lhl = i_ 

i^oo [l/a„.J +kni - k 

This finishes the proof of the Proposition. □ 

Proof of Proposition \3.B when ^ holds. — Let the sequence m^, i = 1,2,3,... denotes the levels on 
which the inequality in OS holds. Consider the sets 

Bm^j :={weC\ Imw > -2, j < Rew < j + 1,$-^H ^ AmJ,for j = 0, 1,2, . . . , [a-]\ - k - I. 

We need to show that for every S, most of these sets, when lifted to the level zero, are contained in 
BsiM^o))- 

If the sequence , has a subsequence bounded away from zero, then on those levels the sets 
Bmi,j, for all j, have uniformly bounded diameter. Therefore, by Lemma [4. 91 the diameters of all the 
lifts to the top level tend to zero, and hence the conclusion of the proposition follows. 
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Now assume that arm ^ as i ^ oo and fix a constant 6 > 0. Recall the constant k chosen 
such that the lift of <I>„(Dom <!>„) to the previous level horizontally spans at most diameter k. In 
particular, for large enough i, we have the inequalities 

1 r 1 , , 1 r 2 

h 2A; < k, and h 2A; < . 

Consider the sets 

1 - 3 - 

C„ := G C I luiw > -2, fc < Rett; < - — + k}. 

By the estimate in Lemma 14.21 the lifts Xn{Cn) have uniformly bounded diameter M independent of 
n. Moreover, by Lemma |4.9| there exists an integer m' such that every set of diameter M on a level 
larger than m', is sent to a set of diameter at most 5 on level under the lifts. Also, note that from 
all the lifts Xn(DomXn) that are contained in the domain of Xn-ii at hst half of them are contained 
in Cn-i- This implies that as rrii tends to infinity, the ratio of the lifts of the sets Brmj that lie 
within i?Q,(<I>o(^o)) tends to one. □ 

Remark. — It will be fruitful to find a condition similar to the statement 21 that is equivalent to 
the critical value being off the boundary of the Siegel disk of Pa- 
Proof of Theorem O — This basically follows from the above proofs of Proposition 13.21 More pre- 
cisely, when 21 occurs, the dm fixed point of fm lifts under Exp to a set of points with imaginary more 
than loga~^ minus a uniform constant. By the definition of the renormalization this set of points 
are mapped under to a periodic point for fm-i- By an inductive process and the argument in 

the proof of Proposition 13.21 in this case, we obtain a cycle with in small neighborhood of the Siegel 
disk. 

Now assume m is one of the levels on which the inequality in *B has occurred. By the estimate 
in Proposition 14.21 there are points on the boundary of the Siegel disk that are uniformly bounded 
away from the lifts of the fim-fixed point of fm- Then by the contraction in Lemma [4. 9 1 these lifts of 
am lift to a periodic point for Pq near the Siegel disk Aq. □ 

Proof of Corollary [3 — We use a theorem of Perez-Marco and a theorem of Mane, to show that the 
boundary of every hedgehog of Pa is contained in VC{Pa)- Indeed, Given a hedgehog K of Pa-, by 
|PM95] . there exists a sequence of iterates that converges to the identity on K. On the other 
hand, by [Man93j on any subset of the Julia set that avoids the post-critical set of Pq, the backward 
iterates of Pa are contracting. 

□ 
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